GENERIC COHEN-MACAULAY MONOMIAL IDEALS 



ABDUL SALAM JARRAH AND REINHARD LAUBENBACHER 

Abstract. Given a simplicial complex, it is easy to construct a generic 
deformation of its Stanley-Reisner ideal. The main question under in- 
vestigation in this paper is how to characterize the simplicial complexes 
such that their Stanley-Reisner ideals have Cohen-Macaulay generic de- 
formations. Algorithms are presented to construct such deformations 
for matroid complexes, shifted complexes, and tree complexes. 



1. Introduction 

Let S := k[xi, . . . , x„] be a polynomial ring in n variables over a field 
k. A monomial x** := ' " is called square-free if = or 1 

for all 1 < « < n. For monomials x*^ and x'^, we say x** strictly divides 
if, for 1 < i < n and Oj > 0, we have ai < bi. A monomial ideal M 
is an ideal minimally generated by monomials, say mi, . . . ,mt, (written as 
M = {nil, ■ ■ ■ ,nT-t))- The monomial ideal M is called square-free if all rui 
are square free monomials. 

Definition 1.1. A monomial ideal M = {mi, . . . ,mt) is called generic if 
for any two distinct minimal generators rrii and mj with the same positive 
degree in some variable Xh, there exists a third minimal generator mi such 
that mi strictly divides lcm(mj,mj). 

Example 1.2. The monomial ideal {x'^y^ ,x'^ ,xz) C k[x,y,z\ is generic but 
{xy^ ,xz^ ,xz) C k\x,y,z\ is not generic. 

This definition of generic monomial ideals has appeared in [Sj , generalizing 
a definition in IT]. See ^Uj for more information about generic monomial 
ideals. 

Definition 1.3. A simplicial complex F on the vertex set [n] := {1, . . . , n} is 

a non-empty collection of subsets of [n] such that {i\ G F for all z € [n], and 
whenever r d a and o" € F, then r G F. The elements of F are called faces, 
and the dimension of the face o" G F is dim(cT) := \a\ — 1. The dimension 
of F is dim(F) := max{dim((7) : a G F}. Faces of dimension zero are called 
vertices and faces that are maximal under inclusion are called facets. The 
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set of minimal non-faces of F is := {cr C [n] : a ^ T but a \ {i} G 
r for each i G a}. 

There is a one-to-one correspondence between square- free monomial ideals 
in S and simplicial complexes on [n]. Given a simplicial complex T on the 
vertex set [n] , the Stanley- Reisner ideal I-p of T is the square- free monomial 
ideal {xi-^ ■ ■ ■ Xi^ : {ii, . . . , ig} € [n] \ F) C 5. Conversely, for a given non- 
zero square-free monomial ideal M C S*, there exists a simplicial complex T 
on [n] such that /r = M. 

Definition 1.4. Let / = (mi, . . . ,7Tit) be a square-free monomial ideal. A 
deformation of / is a monomial ideal M = {m\, . . . , ml) such that, for all 1 < 
i <t, m* = ■ ■ ■ x^", where = Xj^ • • • Xi^ and (ji, . . . , js) G (N \ {O})'*. 

Note that our definition of a deformation is different from the ones given 
at ^Ej. In particular, our deformations are monomial ideals. 

For a given simplicial complex F, one can easily find a deformation M 
of the Stanley-Reisner ideal /r such that M is a generic monomial ideal. 
In this paper, we characterize simplicial complexes such that their cor- 
responding Stanley-Reisner ideals have deformations that are generic and 
Cohen-Macaulay. To be precise, we provide algorithms to construct generic 
Cohen-Macaulay deformations from the Stanley-Reisner ideals of matroids 
complexes, shifted complexes, and tree complexes. A version of this question 
appeared in [5] where generic Cohen-Macaulay monomial ideals have been 
studied extensively. 

Definition 1.5. Let M = {mi,...,mt) be a monomial ideal in S. For 
a C [t], let m„ := lcm(mj : i ^ a). The Scarf complex of M is 

Am := {c" ^ [i] '■ rria 7^ m-r for all r C [t\ and r ^ a}. 

For D large enough (larger than any exponent of any variable in any minimal 
generator of M), let 

M* :=M + (xf,...,x^). 
The extended Scarf complex of M is the Scarf complex Aj\,f* of M* . 

It is easy to see that the induced subcomplex of Ajv/* on the set of gen- 
erators of M is Am- On the other hand. Miller et. al proved that if M 
is generic, then the induced subcomplex of Am* on the set {xf , . . . , x^} is 
the simplicial complex V{M)^ where Iv(m) = rad(M). 

Example 1.6. Let F is the simplicial complex in Figure Q and let M = 
4). It is clear that M is a generic deformation of /r (in 
particular, rad(M) = Ir and hence V{M) = F). On the other hand, let 
M* := M -I- (xf , X2, X3, X4). Figure m gives Am and Am*- The set of facets 
of Am* is 

jr 2223 3\ J 2223 Si r 2223 31 

||XiX4, X1X2X3, Xi, X2/, 1X1X4, X1X2X3, X]^, X3I, •[X1X4, X1X2X3, X2, X3I, 

r 2233ir 2233ii 

|XiX4, X2X4, X2, 3^3/ ; I2J1X4, X2X4, X3, X^j-j-. 
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Figure 1. The simplicial complex F from Example 11.61 




Figure 2. Am and Am* of M in Example \TM 



The following theorem is proved as part of ^5, Theorem 1.7]. 

Theorem 1.7. Let M be a generic monomial ideal. For each facet a of 
Am*, let 

Mo- := {x^" : Ps ■■= deg^^irria) and ps < D). 

Then 

M= fl Mo 

a is a facet of A^vf* 

is a minimal irreducible decomposition of M . 

Examvle 11.61 (cont.). By Theorem 11.71 each facet of Am* corresponds to 
an irreducible component of M, and hence Am* gives a minimal irreducible 
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decomposition of M which imphes a minimal primary decomposition of M: 

M = (x|, X4) n (xg, 2:4) n {x\, X4) n (xi, X4) n {xi,x\) 

= {xl,Xi) n {xI,Xa) n (Xi,XlX4,x|) n (X1,X2). 

Theorem 1.8 (^5^, Theorem 2.5]). Let M he a generic monomial ideal. Then 
M has no embedded associated primes if and only if M is Cohen- Macaulay. 
In this case, both Am and V{M) are shellable. 

For a given simpHcial complex F, the theorem above implies that if F is 
not shellable, then there is no generic Cohen-Macaulay monomial ideal M 
such that V{M) = F. In particular, there is no generic Cohen-Macaulay de- 
formation of It- The following theorem will play a major role subsequently. 

Theorem 1.9. Let M C S be a generic monomial ideal. Then M is Cohen- 
Macaulay if and only i/dim(Aj\/) -|- dim{V{M)) = n — 2. 

Proof. Suppose M is Cohen-Macaulay. By Theorem 1 1.71 each facet of Am* 
gives an irreducible component of M. In particular, for any facet a of Am*, 
we have 

|cj n {mi, . . . ,mj| = codim(M) and \a D {xi , . . . , x^}\ = dim{R/M). 

Furthermore, both cardinalities are independent of the facet a, since Af 
has no embedded primes. But a PI {mi, . . . ,mt} is a face of Am and 
any facet of Am is a restriction of a facet of Am*- Thus dim(A7v/) = 
codim(M) — 1. Hence a n {x^ , . . . ,x^} is a facet of V{M) and therefore 
dim(y(M)) = dim(i?/M) - 1. But codim(M) + dim{R/M) = n. Thus, 
dim(AM) + dim(y(M)) = n - 2. 

Conversely, suppose dim(AM) + dim{V{M)) = n — 2. Then it is enough 
to show that for any facet a of Am*, we have \a fl {mi, . . . ,mt}\ = n — 
d, where d\miy{M)) = d — 1, i.e., dim(Ajv/) = n — d — 1. This proves 
that all irreducible components are of the same codimension, namely n — 
d, and hence there are no inclusions among them. Thus the irreducible 
decomposition is minimal and hence all the associated primes of M are of 
the same codimension. Thus M has no embedded primes. By Theorem II. 81 
M is then Cohen-Macaulay. 

To this end, let o" be a facet of Am*- If |o" n {mi, . . . , mt}\ > n — d, then 
dim(AM) > n — d — 1, a contradiction. Now if \a fl {mi, . . . , mt}\ < n — d, 
then \a fl {xf, . . . ,x^}| > d. Thus dim(y(M)) > d — 1, a contradiction. 
Therefore, M is Cohen-Macaulay. □ 

Example 1.10. Let F be the 1-dimensional simplicial complex (graph) in 
Figure 121 It is clear that F is shellable, since it is connected. The Stanley- 
Reisner ideal of F is 

It = (xiX2X3,XiX4,XiX5,X2X4,X3X5). 

Let Ml = (xfx2X3,X2X4), M2 = (xfx|,x|x5), M3 = (X1X5), and let M = 
Ml + M2 + M3. It is clear that M is a deformation of It- Moreover, M is 
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Figure 3. The simplicial complex T from Example 11.101 

generic. Namely, for 1 < i < 2, given any two distinct minimal generators 
mi , 1712 £ Mi , there exists a third generator in Mj for some j > i such 
that ms strictly divides lcm(mi,m2). Thus dim(AM) <2 = 5 — 2 — 1 = 
n — d — 1. But {xiX5, xlxl, X2X4} is clearly a face of Am- So dim(AM) = 2. 
Now, by Theorem 11.91 M is Cohen-Macaulay. 

In the next sections, we show that the Stanley-Reisner ideals of matroid, 
shifted, or tree complexes have generic Cohen-Macaulay deformations. 

2. Matroid Complexes 

In this section, we prove that the Stanley-Reisner ideals of matroid 
complexes have generic Cohen-Macaulay deformations. There are many 
equivalent definitions of matroids, see 0) or jB| §111.3]. The following defi- 
nition uses the so-called circuits axiom. 

Definition 2.1. A simplicial complex A is a matroid if for any two minimal 
non-faces (circuits) a and f3 with an z S an/3, there exists a minimal non-face 
7 such that 7 C (a U /3) \ {i}. 

The following corollary follows directly from 8, Proposition 3.1]. 

Corollary 2.2. Let T be a matroid complex on the vertex set [n]. For every 
subset W of [n], the induced subcomplex T^y := {a €T : a CI W} of T is a 
matroid complex. In particular, Tw is pure and shellable. 

Example 2.3. The simplicial complex T in Figure |1] is a matroid. The 
Stanley-Reisner ideal of F is Ir = {xix^, xiX2Xi, X2X3Xi) . 

The following theorem is the main result of this section. 

Theorem 2.4. Let T be a matroid complex on the vertex set [n] and suppose 
dim(F) = d—1. Then there exists a generic Cohen-Macaulay deformation 
ofh- 

Proof. Pick a facet a of F. Without loss of generality, a = {1,... = 
[d\. There exists a unique minimal non-face a C + 1]: By Corollary 
12. 2( the induced subcomplex F[d_|_i] is pure and a G F[rf_|_i], in particular. 
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Figure 4. The matroid complex T from Example 12.31 

dim(r[(^+i]) = d—1. But r[(^_|_i] is pm'e, so there exists a unique minimal 
non-face a C [d+l]. Let ma = Y\j,^a^j- -^i ^ monomial ideal 

in S. By induction, for i > 1, let 

Sj := {a C [d + i] : a is a minimal non-face of T and d + i (z a}, 

be the set of minimal non-faces in [d + i] but not in + i — 1] . Let 

Mi := iHx) : a £ S^)- 

Since we have n vertices, we will have all the minimal non-faces at the 
inductive step n — d. 

Let M = Ml H VMn-d- Then M is generic and V{M) = T. It remains 

to show that M is Cohen-Macaulay. By Theorem 11.91 it is enough to show 
that dim(AM) = n — d — 1. 

First, we show that, for all i > 0, Mj 7^ 0: at each inductive step i , 2 < 
i < n—d, r[^_|_j] is a matroid complex on d+i vertices and dim(r[^_|_j]) = d—1. 
For if Mi = 0, there is no missing face with the vertex d + i, in particular 
aL){d + i} £ T. This is a contradiction, since cr is a facet of P. Furthermore, 
dim(AM) = n — d — 1: For each 1 < i < n — d, let 

Fi := aU{d + i}. 

Then there exists a unique minimal non-face (circuit) Cj of F such that 
d + i € Ci C Fi. Let 

rui := J] 4. 

Let G = {mi, . . . , mn-d}- We will show that G is a face of Am and hence 
dim(AAf) = n — d — 1. Notice that 

lcm(G) := lcm(mi, . . . , m^-d) = f ■ Xd+ixl^2 ' ' ' ^n'"^^ 

where / is a monomial in the variables xi, . . . ,Xd. Moreover, for any proper 
subset H C G, it is easy to see that lcm(ff) 7^ lcm(G). 

Suppose that, for some 1 < t < n — d, there exists a generator m E Mt 
such that m divides lcm(G), say m = x\_^x\^ ■ ■ ■ x\^x\_^^, where 1 < ii < 
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■ • • < is < d + t. Thus is < d. This imphes that m corresponds to the 
unique minimal non-face a = {ii, . . . ,is,d + t} which is mt- Hence G is a 
face of Am and therefore dim (A a/) = n — d — 1. □ 

Example 2.5. For the simplicial complexes F in Figure ^ a = {1,2} and Fp] 
has the facets a and {2,3}. Thus Mi = (xix^). It is clear that F[4] = F. 
Thus we need to compute only M2. But S2 = {{1, 2, 4}, {2, 3, 4}}. Thus 
M2 = {xlx^xl, , xlx^xf) . Let M = Ml + M2 = (xixs, xfx2X4, , rc^xlxl). It 
is clear that M is generic. Moreover, dim(Ajvf) = 1, see Figure |S1 Thus M 
is Cohen-Macaulay, by Theorem 11.81 




Figure 5. The Scarf complex Am of M in Example 12.51 



3. Shifted Complexes 

In this section, we prove that shellable shifted complexes have generic 
Cohen-Macaulay deformations. 

Definition 3.1. A simplicial complex F on the vertex set [n] is shifted if, 
for all cj € F, whenever j ^ a, i & [n], and i < j, we have (a \ {j}) U {i} G F. 

Example 3.2. Let F be the 2-dimensional simplicial complex on the vertex 
set [6] with the set of facets {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {1, 2, 5}, {1, 2, 6}}, 
see Figure ini It is easy to see that F is a shifted complex. 



2 




Figure 6. The shifted complex F from Example 13.21 
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Notice that the labeUng plays a major role in this definition. So relabeling 
(permuting the vertices) a shifted complex might yield a non-shifted one, 
although they are combinatorially equivalent (their face lattices are isomor- 
phic). 

The following theorem pi Theorem 3] gives simple geometrical and com- 
binatorial characterizations for Cohen-Macaulay, and shellable shifted com- 
plexes. 

Theorem 3.3. Let T he a {d — \)- dimensional shifted simplicial complex. 

(1) r is homotopically equivalent to a wedge of spheres, 

(2) r is shellable if and only ifV is Cohen-Macaulay if and only ifV is 
pure if and only if for every cr E F and \a\ = t, a U[d — t] E F. 

Let r be a shellable {d — l)-dimensional shifted simplicial complex on 
the vertex set [n]. We give a partition for the set of minimal non- faces Sr. 
Recall that 

Sr ■■= {cr Q [n] : a ^ T but cr \ {i} e F for each i € a}. 

Now, for 1 < j < n — d, let 

:= {fj E Sr : a = Au{d- \ A\ + j} and A C [d - \ A\ + j]}. 

In the next proposition, we present some facts that will be very useful in 
proving the main result of this section. But before that we give an example. 

Examvle \'6.2\ (cont.). It is clear that 

Sr = {{2, 3, 4}, {3, 5}, {3, 6}, {4, 5}, {4, 6}, {5, 6}}. 

Moreover, it is easy to see that 

51 = {{2, 3, 4}, {3, 5}, {3, 6}}. 

52 = {{4,5},{4,6}}. 

53 = {{5,6}}. 
Hence, Sr = Si U S2 U S3. 

Proposition 3.4. Let F, Sp, and Sj be as above. 

(1) For 1 < j < n — d, we have Sj 7^ 0, 

(2) Forl<i<j<n- d, T.i n Sj = 0, and 

(3) Sr = Up^S,-. 

Proof. 1. Let I < j < n — d and let H := {d + j,d + j — 1, . . . Since 
\H\ = d + 1 and dim(F) = d — 1, for some j < t < d + j, we have that 
{d + j,d + j — 1, . . . ,t} is a minimal non-face of F. Let A := {d + j, d + 
j — 1, . . . ,t — 1}. It is clear that \A\ = d — t + j and hence t = d — \ A\ + j. 
Therefore, A U {t} € Sj which implies that Sj / 0. 

2. Straightforward. 

3. It is clear that, for any 1 < j < n — d, we have Sj C Sr. Let a € Sr, 
say a = {ii, . . . , it+i} where 1 < it+i < • ■ ■ < ii < n. Let A := {ii, . . . , if}. 
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Since a is a minimal non-face, we have A £T. Since 1 < it+i ^ n — t, there 
exists 1 < jo < n — d such that it+i = d — t + jo. Notice that \A\ = t. Thus 
A C [d- \A\ +jo] and a = AU {d- \A\ + jo}. Therefore a e S^g. Hence 
Sr = Up^Ej. □ 

Proposition 3.5. Let T, T,j be as above. Let cr, 7 G and cr 7^ 7. There 

exists s > j and r G S<j such that r C <j U 7. 

Proof. Since cr, 7 G Sj, there exists A, B €T such that cr = {d — |A| + j} 
and 7 = B U {d - \B\ + j} where A C [d - |A| + j] and 5 C [d - \B\ + j]. 
Moreover, A ^ B, since cr 7^ 7. Without loss of generality, assume |yl| < \B\. 
Case 1. Suppose b<d-\A\+ j, for every be B\A. Thus 

B \ A C {d - |A| + j, . . . , d - |B| + i + 1}. 

Hence 

\B\A\<{d-\A\+j,...,d-\B\+j + l}\ 
= (d-\A\+j)-id-\B\+j) 
= \B\-\A\, 

which implies that A (Z B. But d — |^| + j ^ B, otherwise a C B. Therefore, 
B CAu{d-\A\+j -l,...,d-\B\+j + l}. 

Hence 

\B\ <\Au{d-\A\+j,...,d- \B\+j + l}\ 
= \A\ + {d-\A\+j-l)-id-\B\+j) 
= \B\-l, 

a contradiction. 

Case 2. There exists b G B\A such that 6 > d—\A\+j, say 6 = d— |^|+j+/i 
for some h > 1. Since cr is a non-face and b > d — \A\ + j, the set A U {b} 
must contain a minimal non-face. Let 

A^ := {ae A : a > b} = {ai > ■ ■ ■ > at}, and 
A< ■.= {aeA : a < b} = {bi > ■ ■ ■ > b\A\-t}, 
if A> = 0, let t := 0. If A< ^ 0, then for 1 < i < \A\ - 1, 

bi = d-\A\+j + si, 
where Si > \A\ — t — i + I. Thus 

h> si> ■■■ > siA\-t > 1- 
In the following, we will discuss all possible cases. 

1. Suppose A^ U {6} is a minimal non-face of T. We need to show that 
U {b} G Eg for some s > j. So it is enough to show that b = d— | = 
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d — t + s, for some s > j. But 

b > bi = d - \ A\ + j + si 

> d - \ A\ + j + \ A\ - t 
= d-\A>\+j. 

This implies that b = d — \ \ + s for some s > j. Therefore, U {6} G 
and s > j. 

2. Suppose U {6} U . . . , 6j} is a minimal non-face of F. As above, 

6i = (i- 1^1 + 

>d-\A\+j + \A\-t-i + l 
= d- (t + i) + j + 1. 

Thus bi = d — U {6} U . . . , + s for some s > j. Therefore, 

(^>U{6}U{6i,...,6i_i})U{6,}GS,. 

□ 

In the following we construct a generic deformation of /r- For 1 < j < 
n — d, let 

a monomial ideal in R := k[xi, . . . , x^]- Let 

M := Ml + • • • + Mn-d. 

The following corollary is straightforward from Proposition 

Corollary 3.6. For any 1 < j < n — d, let mi,m2 G Mj be two distinct 
generators of Mj . Then there exists s > j and a minimal generator G Mg 
such that divides lcm(mi,m2). Thus M is a generic deformation of I-p- 

The following theorem shows that M is Cohen-Macaulay. Before we prove 
that, we verify it for our Example. 

Examvle VJ.'A (cont.). The above construction yield the following monomial 
ideals: 

M2 = {xlxl,xlxl), 

M3 = (xsXe). 

It is easy to check that the monomial ideal 

~ (^2^3^4) ^3^55 ^3^6' ^4^5^ 2:4^6' ^5Xq) 

is generic and rad(M) = Ip. Moreover, by Corollary 13. 6( dim(A7v/) < 2. To 
show that M is Cohen-Macaulay, it is enough to show that dim(AM) = 2, 



GENERIC COHEN-MACAULAY MONOMIAL IDEALS 



11 



by Theorem 11.91 But it is clear that IcmjxsXe, X3X5} is uniquely at- 
tained and hence {x^xq, x'^x'^, x^x^} corresponds to a facet of Am- Therefore 
dim(AM) = 2 and hence M is Cohen-Macaulay. 

Theorem 3.7. The ideal M , constructed above, is a generic Cohen-Macaulay 
integral deformation of Ir ■ 

Proof. By Corollary 13. 6( M is a generic integral deformation of /r • So it 
remains to show that M is Cohen-Macaulay. By Theorem 11.91 it is enough 
to show that dim(AM) = n — d — 1. By Corollary 13. 6[ dim(Ajv/) < n — d — 1. 
Thus to show that dim(AAf) = n — d — 1, it is enough to find a face F of 
A M such that dim(F) = n — d — 1. 
For 1 < J < n — d, let 

Gj := {d + j,d + j - l,...,ij}, 

where ij is small enough such that aj £ Sr, i.e., crj is a minimal non-face 
of r. Such an ij exists since |[d + j]| > d for j > 1 and dim(r) = d — 1. 
First we will show that aj £ Sj. Let A := o'j \ {ij}- It is clear that 
1^1 = (d + j) - ij. Thus ij = d - \ A\ + j. Therefore A ^ [d - \ A\ + j] and 
hence a = AU {ij} G aj. 

Next we will show that F := {m^-^, . . . , mu^_^} is a face of Am- Now 

lcm(F) = lcm(m(ji , . . . , rno 



-d) 



— ... ^'Ti'-'i-rJ^-'i- . . . r^n-d 

It is clear that, for 1 < j < n — d, we have lcm(F) ^ lcm(F \ {rrio- }). So we 
only need to show that lcm(i^) 7^ lcm(F U {rrifj}) for any a G \ F. Let 
a G Tiy\F, say a G for some 1 < j < n — d. Thus a = A[j{d— \ A\ for 
some ^ G r and A C [d — |^| + j]. Since a ^ F, there exists a € A such that 
a > d + j, otherwise a = aj. Suppose a = d + i for some i > j. Thus a £ ai 
and hence deg2.^(lcm(F)) = n — (d + i) + 1. But deg^^(mo-) = n — (d + j) + 1. 
Therefore, \cm{F) < lcm(FU {m^}). Hence F is a face of Am of dimension 
n — d — 1. Therefore, dim(AM) = n — d — 1. By Theorem 11.91 M is Cohen- 
Macaulay. □ 

4. Tree Complexes: Shellable Clique Complexes of Chordal 

Graphs 

In this section, we study the class of shellable clique complexes of 
chordal graphs, which we call tree complexes because they generalize tree 
graphs. The main result of this section is that tree complexes have generic 
Cohen-Macaulay deformations. Moreover, we give an exact formula to com- 
pute the /-vector of tree complexes. 

Throughout this section, let G be a simple graph (undirected graph with 
no loops and no multiple edges) on the vertex set [n]. 

Definition 4.1. Let G be as above. 

(1) A subset a C [n] is a clique if the induced subgraph is complete. 
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(2) The clique complex of G is 

K{G) := {a Q [n] : o" is a dique of G}. 

Example 4.2. A graph G and its chque complex K{G) are in Figure[7| Notice 
that G is the 1-skeleton of K{G). 




3 G 3 



Figure 7. A graph G and its clique complex K{G). 



The proof of the following lemma is straightforward. 

Lemma 4.3. Every minimal non-face of K{G) has precisely two elements. 
Moreover, if A is a simplicial complex such that every minimal non-face has 
exactly two elements, then A = K{G), where G is the 1-skeleton of A. 

Clique complexes are also called flag complexes, see jH]. 

Definition 4.4. A simplicial complex A is a tree complex if there exists a 
shelling Fi, . . . ,Ft of A such that, for 1 < i < t, there exists ji G Fi such 
that ji ^ Fi U • • • U -Fi-i. In this case, we say that Fi introduces the vertex 
ji- 
lt is easy to see that any tree graph is a 1-dimensional tree complex. 
Hence tree complexes are a natural generalization of tree graphs. 

Example 4.5. The simplicial complex T in Figure |S1 is a 2-dimensional tree 
complex. 

One of the most interesting problems in combinatorics is characterizing 
the /-vectors of flag complexes [2113111 ■ For tree complexes, the next theorem 
gives an exact formula for the /-vector of these complexes. 

Theorem 4.6. Let A be a {d — 1)- dimensional tree complex on [n]. Then 
the number of facets of A is /rf_i(A) = n — d -\- 1, and for 1 < i < d — 1, 

= („-d+i)Q -(„-<!)('':'). 

Proof. Let Fi,...,Ft be a shelling of A. By Theorem 14.101 every vertex 
d < i < n introduces a facet. Thus fd-i{A) = n — d + 1. Now for 1 < 
z < d — 1, it is clear that Fi has (J (i — l)-faces. Moreover, every facet 
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(3) W 

Figure 8. The tree complex from Example 14.51 

Fj, where j > 1 has {i — l)-faces minus the the number of (i — l)-faces 
that Fj shares with Fi, . . . But Fj shares only d — 1 vertices with 

Fi, . . . , Fj-i. Hence the number of (i — l)-faces it shares is C^^^) which 
implies the equality above. □ 

Definition 4.7. A graph G is chordal if every cycle of length four or more 
has a chord (an edge linking two non-adjacent nodes in the cycle). 

Example 4.8. The graph G in Figure [3 is chordal. 

The following theorem gives many useful characterizations of chordal 
graphs. 

Theorem 4.9 ([7| Theorem 7, p 112]). The following statements are equiv- 
alent. 

(1) G is a chordal graph. 
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All vertices of G can he deleted by arranging them in separate piles, 
one for each maximal clique, and then repeatedly applying the fol- 
lowing two operations: 

• Delete a vertex that occurs in only one pile. 

• Delete a pile if all its vertices appear in another pile. 
There is a spanning tree ( called a clique tree ) T of the facet graph 
of K{G) such that for every vertex i of G, if we remove from T all 
cliques not containing i, the remaining subtree stays connected. In 
other words, any two cliques containing i are either adjacent in T 
or connected by a path made entirely of cliques that contain i. 

Suppose A is a (d — l)-dimensional tree complex on [n]. Without loss of 
generality (after relabeling the vertices), we may assume Fi := [d] and, for 
1 < i < t, Fi introduces the vertex d + i — 1, i.e., Fi := A U {d + i — 1} for 
some A CI [d + i — 2] and |j4| = d — 1. The following theorem shows that the 
class of tree complexes is equal to the class of shellable clique complexes of 
chordal graphs. 

Theorem 4.10. A shellable simplicial complex A is a tree complex if and 
only if A = K{G), the clique complex of a chordal graph G. 

Proof. Let Fi,...,Ft be a shelling of A. First suppose that A = K{G), 
for some chordal graph G, and assume that A is not a tree complex. Let s 
be the smallest index such that Fg does not introduce a new vertex. There 
exists a simple cycle in the facet graph of K{G) that contains Fg, without 
loss of generality, Fi, . . . ,Fs is a simple cycle of minimal length. Thus every 
vertex is contained in more than one clique. This is a contradiction to (2) 
of Theorem 14.91 Therefore, for 1 < i < t, there exists ij G Fi such that 
ij ^ Fi U ■ ■ ■ U Fi^ and hence A is a tree complex. 

Now suppose that A is a tree complex. Let G be the 1-skeleton of A (G is 
the subcomplex of simplexes of dimension less than or equal to 1). It is clear 
that G is a graph on the set of vertices [n]. Indeed G is a chordal graph: 
For every facet Fi, let Pi be the pile that contains the vertices of Fi. Since, 
for 1 < i < t, Fi introduces the vertex jj, it is clear that one can empty all 
the piles by deleting each vertex that is in only one pile and then deleting 
any pile where its vertices are in another pile. Thus G is chordal. So we 
only need to show that A = K{G). It is clear that A is a subcomplex of 
K{G). Suppose C is a clique of G and /i € C is the maximal element. Thus 
the vertex h is introduced by the facet for some 1 < ift, < t. Thus every 
vertex connected to h and less than h is in Fi^ which implies that C C -Fj^. 
Hence A = if (G). □ 

Let FG(A) be the facet graph of A. By TheoremOj FG(A) has n-d+l 
facets. Let Ta be a clique tree of FG{A), it has n — d edges and each edge 
in Ta corresponds to a missing edge in A: 

If Fi and Fj are vertices connected by an edge e in Ta, then Fi and Fj 
are facets of A, i.e., \Fi\ = \Fj\ = d and |Fj f^Fj\ = d—1. Thus, since A is a 
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clique complex, there is a unique minimal non-face in Fi U Fj, say {pe, qe}- 
Let 

So := {{Ve,qe} ■■ e G Ta}. 

Now for the edge e, let 

Fij . — Fi U Fj . 

Let Ai be the d-dimensional simplicial complex on [n] with the set of facets 
{Fij : e E Ta}. It is easy to see that Ai is a tree complex. If Ai is not 
a simplex, let Ta^ be a clique tree of FG(Ai). Repeat the steps above for 
this case (A^ is a simplex only when t = n — d). Hence, in general, for 
1 < t < n - d, let 

■= {{Pe,qe} ■■ e G TaJ. 

This process gives a partition of Sp. Before we give a proof of this fact, we 
will verify it for our example. 

Examvle \A.b\ i cont.^. It is easy to check that 

Er = {{3, 5}, {4, 5}, {1, 6}, {2, 7}, {3, 4}, {4, 6}, {1, 7}, {3, 6}, {4, 7}, {3, 7}}. 

Moreover, the graph in Figure |Hl(i) is FGiJ^i) and the subgraph of dashed 
edges is Tr . . This yields the following partition of Sr . 

50 = {{3, 5}, {4, 5}, {1,6}, {2, 7}} 

51 = {{3, 4}, {4, 6}, {1,7}, {3, 6}, {4, 7}} 

52 = {{3,6},{4,7}} 

53 = {{3, 7}}. 

The proof of the following proposition is straightforward. 

Proposition 4.11. Let A be a tree complex and Y^t be as above. 

(1) ForO<t<n- d, we have Si ^ $, 

(2) For < ti < t2 < n - d, Sj^ n Sf^ = 0, and 

(3) Sa = u7=o'-'^t. 

The following proposition will help us to construct a generic deformation 
from Ia. 

Proposition 4.12. Let A, S^ be as above. Let ei,e2 G S^ and ei ^ 62. 

There exists s > t and 63 € S^ such that 63 C ei U 62- 

Proof. Without loss of generality, let 

ei = {pi,qi}, e2 = {p2,q2} 

be two edges of the clique tree Ta^ where the edge ei (resp. 62) has as 
vertices the {d + t — l)-simplexes (facets) ti,T2 (resp. 71,72) of A^, say 

Ti=AU{pi}, T2 = AU{qi}, 

71 = S U {P2}, 72 = U {^2}. 

Case 1. p := pi = p2 {qi / 92). If ti = 71, then A = B. Thus 
the edge {^1,^2} is in the facet graph FG{At) but not in Ta^, otherwise 
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■T"! ) ''"2 ) 72 form a cycle in . So assume that ri 7^ 71 . There exists a path 
Ti = Gi, . . . , Gr = 71 such that p €z Gi for 1 < i < r. This imphes that 
T2, Gi, . . . , Grj 72 is the only path between T2 and 72 in Ta^. Hence {51, ^2} 
is not an edge in T/\^, otherwise we have a cycle in Ta^. In this case, let 
63 = {^1,^2}- 

Case 2. 7^ for 1 < i, j < 2. Suppose for 1 < i,j < 2, the edge 
fej'Zi} € At. Thus pi , (?i , 152 ) 92 form a 4-cycle in the chordal graph G, 
hence either the edge {pi,qi} or {p2,q2} is in G, a contradiction. Without 
loss of generality, suppose the 1-simplex {pi,P2} ^ At. If {^1,^2} ^ ^At, 
then we are done. Suppose {^1,^2} is an edge in Taj with the vertices F 
and G such that pi € F and p2 ^ G. Since pi G F n ri, there exists a path 
between ri and F made entirely from facets containing pi. Similarly, there 
exists a path between G and 71 made entirely from facets containing p2. 
Thus there is a path between T2 and 72. It is clear that if {qi, 52} £ At or 
{pi,P2} is an edge in Ta^, then we have a cycle in Ta^. Once again, in this 
case, let 63 = {q'i,q'2}- □ 

In the following we construct a generic integral deformation of /a- For 
< t < n — d, and {pe, Qe} £ ^t, let 



It is clear that Mt 7^ 0, otherwise there are no missing faces and hence we 
have a simplex which is not the case unless t = n — d. 

Let M = Mo+MiH \-Md-t-i. It is clear that rad(M) = I a- Moreover, 

in the next Lemma, we show that M is generic. Before that we continue 
with our example. 

Examvle 14.51 (cont.). For each «; < z < 4, the corresponding ideals to the 
partition above are: 



Since r4 is a simplex, the facet graph FG{T4) is a vertex with no edges and 
hence M4 = 0. 

Let M = Mq + • • • + M3. It is easy to see that M is a generic monomial 

ideal and V{M) = T. 

The following lemma follows from Corollarv 14.121 

Lemma 4.13. For any < j < n — d, let mi,m2 G Mj be two distinct 
generators of Mj. Then there exists s > j and a minimal generator G Mg 
such that divides lcm(mi, m2). Thus M is a generic integral deformation 



Mt := {x. 



,n—d—t n—d—t 



: {pe,qe} G St). 



Mo 
Ml 
M2 
Ms 



,44 44 44 4 4\ 
\X3X5, X4X5, X]^Xg, X2X7/, 

7,^3 3 ™3 4 ™3 3\ 
\X3X4, X4Xg, Xj^Xy/, 

(x|xg, X4X7), 
(X3X7). 



of I A. 
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The following theorem shows that M is Cohen-Macaulay. Before we prove 
that, we verify it for our example. 

Examvle 14.51 fcont). It is easy to see that {2:3X7, x|xg, X3X4, XgxH is a face 
of Am and hence dim(AM) = 3 = 7 — 3 — 1. Thus, by Theorem 11.91 M is 
Cohen-Macaulay. 

Theorem 4.14. The ideal M is a generic Cohen-Macaulay integral defor- 
mation of I^. 

Proof. It remains to show that M is Cohen-Macaulay. Since V{M) = A, by 
Theorem ll.9l we need to show that dim(AM) = n — d — 1. By Lemma 14.131 
each face of /S.m is of dimension < n — d — 1. To show that dim(AA/) = 
n — d—1, it is enough to find a face of dimension n — d—1. For < i < n — d, 
there exists a unique minimal non-face in Aj which is a subset of [d -|- z + 1] 
and contains d-\- i -\- 1, say {oj, d -|- i -|- 1} G Sj. Let nii = x^~^~'^x^~f~^ be 
the corresponding monomial in Mj. 

Claim . C := {niQ, . . . ,mn-d-i} is a facet of Am and hence dim(AAf) = 
n — d—1. 

lcm(C) := lcm{mo, . . . , m„_d_i} = / • x'^-^x'^-^'^ ■ ■ ■ x'^^'f''^^ ■ ■ ■ xl_^Xn, 

where / is a monomial on the variables xi, . . . , x^. It is clear that lcm(C) 7^ 
\cm.{H) for any proper subset H C C. Suppose there exists i,j such that 
j < d + i + 1, {j,d + i + 1} E Sa and XjX'^_^_-^-^ divides lcm(C), i.e., a < 
n — d — i + 2. This implies that {j, d + i + 1} corresponds to an edge in 
As where s > i. Since {oe, d -\- i -\- 1} is the only non-face in Aj that is a 
subset of [d + z + 1], we must have s = i and j = Qg and hence m = rrii. 
Therefore, C G Aj\// and hence dim(A7v/) = n — d — 1. By Theorem 11.91 M 
is Cohen-Macaulay. □ 
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